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Competition between the chiral smectic-C* and hexatic phases

I. Rychetsky´,* M. Glogarová, and V. Novotna´
Institute of Physics, Academy of Sciences of the Czech Republic, Na Slovance 2, 182 21 Prague-8, Czech Republic

~Received 2 October 2002; published 26 February 2003!

A theory of the phase transition from the smectic-C* to the hexatic phase based on the free energy with the
two different Lifshitz terms is presented. Competition between the elastic energies of the tilt angle and of the
hexatic order leads either to the single helicoidal structure, or to the double modulated solitonlike structure, and
the transformation between both can occur. The bond order and the tilt angle suppress each other and at the
transition to the low-temperature hexatic phase a decrease of the tilt angle and an anomaly in the helical pitch
occur. Approaching the hexatic phase transition the dielectric response is contributed mainly by the bond-order
phason or~and! the tilt angle phason. While the bond-order phason frequency decreases the tilt angle frequency
increases in the hexatic phase. Both situations are treated being observed in experiment.
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I. INTRODUCTION

The smectic phases of liquid crystals are layered str
tures, in which the rodlike molecules are lined up within t
smectic layers. In the smectic-A (Sm-A) phase the molecula
axes are on average parallel to the address layer norma
macroscopic polarization is zero, and the symmetry of t
structure isD`v . At lower temperatures in the Sm-C phase
the molecules are tilted and the symmetry is lowered toC2h .
Further cooling can result in development of hexatic or
that is characterized by a long-range three-dimensional b
orientation order~BOO! and a short-range translational o
der, which extends a few hundred angstro¨ms within a smec-
tic layer but one order less between them. It means that c
tallographic axes of neighboring smectic layers are para
~point symmetry exists!, but molecules are not translational
correlated~lack of translational symmetry!. A hexatic order
was first reported in an untilted Sm-Bhex phase@1–5# and
observed as a diffuse sixfold pattern in an x-ray diffracti
@1,2#. In tilted phases the BOO is coupled with the molecu
tilt and the local tilt points either along the local bond dire
tions (Sm-I ), between them (Sm-F), or nonsymmetrically
(Sm-L), see Fig. 1. In contrast with the Sm-Bhex phase the
sixfold axis is lost in both Sm-I and Sm-F phases due to the
tilt of molecules and their symmetry becomesC2h , the same
as that of the Sm-C phase. As the symmetry of both smecti
C and tilted hexatic phases is the same, there is eith
possibility of the first-order transition with a discontinuo
change of the orientational order, or a continuous evolut
from one phase to the other@6,7#.

In the liquid crystals composed of the chiral molecule
the Sm-A phase has lower symmetryD` . The low-
temperature phases of chiral substances (Sm-C* , Sm-Bhex* ,
Sm-I * , Sm-F* ) have analogous local structure as their no
chiral counterparts, but they exhibit helicoidal modulati
along the normal of the smectic layers and they all have
same symmetryC2 @8#. In the Sm-C* phase the helicoida
modulation of the molecular orientations occurs, in the ch
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untilted Sm-Bhex* phase the orientation of intermolecula
bonds is modulated, and the spatial variation of both the
and the bond orientations exists in the tilted hexatic SmI *
and Sm-F* phases. In the chiral tilted phases the mac
scopic polarization exists, which is proportional to the t
angle.

A model describing the phase sequence Sm-A–
Sm-C–hexatic smectic was developed taking into accoun
coupling of the tilt and bond orientation@6,7#. Accounting
also for modulation of the tilt and bond orientation within th
temperature independent model, it was shown that an inc
mensurate structure can exist in the hexatic phase@9#. The
extended theory encountering also the coupling with the
larization was worked out and successfully used for expla
tion of dielectric spectra observed in ferroelectric chi
phases Sm-C* and Sm-I * ~or Sm-F* ) in the vicinity of the
phase transition to the hexatic phase@10#. This theory de-
scribes the softening of the bond orientation mode under
condition that the spatial modulation of the BOO is ful
imposed by the tilt angle modulation and the pitch of t
helix and the molecular tilt does not change when pass

FIG. 1. Structures of hexatic phases;fA describes the orienta
tion of the bonds,fu is the orientation of the director projection t
the yz plane, u0 is the molecular tilt angle with respect to th
smectic layer normal.
©2003 The American Physical Society04-1
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the transition point to the hexatic phase. Meanwhile no
ferroelectric substances exhibiting the change of both of
tilt @11# and the pitch at the transition point to the hexa
phase have been reported showing also peculiar temper
dependence of the dielectric spectra. Here we prese
theory that generalizes the approach used previously in
@10# encountering also for elastic energy of the BOO mod
lation. Besides ferroelectric Sm-C* phase and hexatic Sm-I *
and Sm-F* phases it allows to obtain also incommensur
and untilted Sm-Bhex* phase.

II. THEORY

A. Order parameters and free energy

There are three quantities playing an essential role in
scription of the phase transition~PT! sequence Sm-A(D`)
→Sm-C* (C2)→Sm-I * (C2) or Sm-F* (C2):

u5u0exp@ i ~fu1p/2!#,

A5A0exp@ i6fA#,

P5P0exp@ ifP#. ~1!

The tilt angleu describes the inclination of the molecul
axis from the smectic layer normal (z axis! and becomes
nonzero in the Sm-C* phase, the bond-orderA describes the
hexagonal ordering of molecules in the smectic layer,
without appearance of any translation symmetry inside
layer. The bond order becomes essentially nonzero in
hexatic phase, but since the symmetry of the Sm-C* and
hexatic is equal, a weak nonzero BOO appears also in
Sm-C* phase. Consequently the Sm-C* →Sm-I * ~or
Sm-F* ) phase transition should be smeared or of the fi
order. The polarizationP is induced by the spontaneous ord
parameters~OP! or by the external electric field. All three
quantities possess an amplitude and a phase, the latte
scribes rotation around smectic layer normalz axis. The free
energy expansion reads

F5Fu1FP1FA1Fint , ~2!

where

Fu5
1

2
a~uu* !1

1

4
b~uu* !21

i

2
l~uu̇* 2 u̇u* !1

1

2
k~u̇u̇* !,

~3a!

FP5 1
2 x21PP* , ~3b!

FA5
1

2
aAA* 1

1

4
b~AA* !21

1

6
g~AA* !2

1S i

2DL~AȦ* 2ȦA* !1
1

2
K~ȦȦ* !, ~3c!

Fint5
1
2 c~Pu* 1P* u!1 1

2 f ~u6A* 1u* 6A!

1 1
2 g~u5PA* 1u* 5P* A!, ~3d!
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where in the interaction part of the free energyFint the terms
higher than linear inP and inA were omitted@10#. The free
energy in polar coordinates is

Fu5 1
2 au0

21 1
4 bu0

41~lḟu1 1
2 kḟu

2!u0
21 1

2 ku̇0
2 , ~4a!

FP5 1
2 x21P0

2 , ~4b!

FA5 1
2 aA0

21 1
4 bA0

41 1
6 gA0

61~6LḟA1 1
2 36KḟA

2 !A0
2

1 1
2 KȦ0

2 , ~4c!

Fint5cP0u0cos@fP2fu2p/2#1 f u0
6A0cos@6~fu2fA

1p/2!#1gu0
5P0A0cos@5~fu1p/2!26fA1fP#.

~4d!

In the equilibrium the phase and the amplitude of polari
tion is

fP5fu6p/2,

P056$2xcu02xgu0
5A0cos@6~fu2fA1p/2!#%, ~5!

where the ‘‘1 ’’ sign corresponds toc,0, and the ‘‘2 ’’ sign
to c.0. The polarization is always perpendicular to the
andc determines its sense. Further usually we shall cons
c,0. According to Eq.~5! the polarization can exhibit a
change at the transition to the hexatic phase@10#. In any case
the reduced free energy reads

Fu5 1
2 ~a2xc2!u0

21 1
4 bu0

41~lḟu1 1
2 kḟu

2!u0
21 1

2 ku̇0
2 ,
~6a!

FA5 1
2 aA0

21 1
4 bA0

41 1
6 gA0

61~6LḟA1 1
2 36KḟA

2 !A0
2

1 1
2 KȦ0

2 , ~6b!

Fint5 f iu0
6A0cos@6~fu2fA1p/2!#, ~6c!

where the interaction constantf i[ f 2xcg. The relation be-
tween the tilt angle phasefu and BOO phasefA determines
the type of the hexatic phase, and it will be calculated in
next step. For that the interaction constantf i is the most
important parameter.

B. Determination of possible structures

1. Noninteracting helices of tilt and bond orientation

For future references we display here the equilibrium st
for the system, in which the tilt and BOO do not intera
f i50. It consists of two independent helices, the helix of t
tilt and of the BOO, respectively,

ũ0
25a0~ T̃C2T!/b, T̃C5T11~xc21kqu

2!/a0 ,

f̃u52qux1Cu , qu5
2p

pu
5l/k, T,T̃C ~7a!
4-2
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Ã0
2.3ubu/4g1

2a0

ubu ~ T̃I2T!,

T̃I5T2136KqA
2/a01a0

213b2/16g,

f̃A52qAx1CA , qA5
2p

pA
56L/36K, T,T̃I ,

~7b!

where the tilde denotes the equilibrium values for this n
interacting case,T̃C , pu are the phase transition temperatu
and pitch of helix for the Sm-C* phase, and likewise for the
hexatic phase. The tilt angle and BOO helices should h
the same chirality sense@12#, and thereforel.0, L.0 are
considered in the following. In accordance with our prelim
nary experimental finding we assume further thatqu,qA and
that Sm-C* phase appears at higher temperature than
hexatic order, i.e.,T̃I,T̃C . In the Sm-A phase both the tilt
and the BOO are zero. In the Sm-C* phase tilt is determined
by Eq. ~7a! and BOO is still exactly zero. In the hexat
phase there are two independent helices~7! with the pitchpu
and pA , and their phases are not related. In such a case
Sm-I * structure defined as~see Fig. 1!

fA5fu1n
p

3
, n50, . . . ,5, ~8!

the SmF* structure defined as

fA5fu1
p

6
1n

p

3
, n50, . . . ,5, ~9!

and the structure Sm-L of the lowest symmetryC1, in which
the bond orientationfA and the orientation of the tiltfu do
not fulfill relations ~8! or ~9!, are energetically degenerate
The hexatic phases Sm-I * or Sm-F* become stable when
the interaction between the tilt and BOO is switched on.
each of the hexatic phases@Sm-I * ~8! and Sm-F* ~9!# there
are six equivalent configurations.

2. Sinusoidal and solitonlike structures

Let us encounter the interaction between the tilt and BO
i.e., f iÞ0. For simplicity, in the following the amplitudesu0
and A0 are assumed being constant and they will be de
mined later. This assumption is exact when the phases
linear functions of the space coordinatez, while it is a con-
stant amplitude approximation for more complicated spa
variation. The equilibrium phases follow from the free e
ergy minimization and the corresponding Lagrange-Eu
equations read

u0
2kf̈u136A0

2Kf̈A50, ~10a!

6A0kK~f̈u2f̈A!52 f iu0
4~36A0

2K1u0
2k!

3sin@6~fu2fA1p/2!#. ~10b!
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Let us first considerf i.0. There are two possible solu
tions. The first one represents the Sm-I * phase and reads

fu5fA52q x1f0 , ~11!

wheref0 is arbitrary andq should be determined@we chose
n50 in Eq. ~8!#. It means that the structure has a sing
sinusoidal modulation. The second solution represents an
commensurate structure@13#

fu5
s2

~11s2!
S 6

1

3
amFA~11s2!/r

k
~x2x0!UkG2

p

2 D
2qx1f0 , ~12a!

fA5
1

~11s2!
S 7

1

3
amFA~11s2!/r

k
~x2x0!UkG1

p

2 D
2qx1f0 , ~12b!

with dimensionless quatities

s2[
36A0

2K

u0
2k

, r[
A0K

f iu0
6 , ~13!

and it only exists when modulusk<1. For k51 solutions
~11! and ~12! coincide. The quantitiesf0 , q, x0, andk are
integration constants that should be determined. For that
pose solution~12! is inserted to Eq.~6! and integrating over
all the space the total free energy~per unit volume! is ob-
tained:

F tot5
1

2
~a2xc2!u0

21
1

4
bu0

41
1

2
aA0

21
1

4
bA0

41
1

6
gA0

6

1
1

2
~ku0

2136KA0
2!q22~lu0

216LA0
2!q

1 f iA0u0
6H 112F 2

k2S E@k#

K @k#
21D1

1

k26
n

K @k#kG J ,

~14a!

n53pAr/~11s2!uqu2qAu5n0A 2s

11s2, ~14b!

wheren is a dimensionless parameter,

n0
25

9p2AKk

12f iu0
5 ~qA2qu!2

is independent ofA0, and s linearly depends onA0. The
phasef0 and the positionx0 are arbitrary and the values o
q andk should be found from the free energy minimum. No
that q andk are explicitly decoupled. For the equilibriumq,

q5
lu0

216LA0
2

ku0
2136KA0

2 , qu<q<qA . ~15!
4-3
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The equilibrium value of modulusk is independent ofq vec-
tor and can be obtained by setting to zero the derivation
the free energy~14a! with respect tok ~it can be shown tha
the sign ‘‘2 ’’ corresponds to the minimum!. The modulusk
cannot be expressed explicitly, but it is a solution of t
equation

2E@k#2nk50

for n.2@ incommensurate structure~12!, k,1#,
~16a!

k51 for n<2 @Sm-I * structure~11!#. ~16b!

Let us discuss the structures described by solutions~11!,
~12!, ~15!, and~16!. They depend on the parametern.

The strong interaction regime occurs forn<2. Then the
Sm-I * phase~11! with q vector~15! is a stable structure, th
cosine in the interaction part of the free energy~6c! being
exactly21 ~see Fig. 2!.

For n.2 ~the weak interaction regime!, incommensurate
structure~12! occurs. It is represented by the array of so
tons forn*2 ~thenk&1). Then the Sm-I * domains~8! of
the sized52K@k#'2 ln@4/A12k2# are separated by kink
~discommensurations!. Each kink producesp/3 phase differ-
ence and the full rotation of the tilt with respect to BOO
accomplished by six kinks~see Figs. 2 and 3!.

In the limit n@2, the modulusk'p/n!1, and the struc-
ture consists of two weakly interacting sinusoidal modu
tions, of the tilt angle withḟu52qu and of the bond orde
with ḟA52qA . Whenk50, the spatial average of the in
teraction part of free energy~6c! is zero. Then two indepen
dent helices described by Eq.~7! are obtained, which can
slide independently.

Finally, the arbitrary phasef0 in Eq. ~12! describes the
position of the underlying helix withq vector @see also Eq.
~8!#, and the arbitrary coordinatex0 in Eq. ~12! describes the
position of a periodic kink superstructure. Henceforth, th

FIG. 2. Spatial dependence of tilt and BOO phases~full bold
line!. The hexatic Sm-I * phase withfu5fA52q x ~full lines!; the
phasesfu and fA according to Eq.~12! for 12k51026 ~dotted
lines!; for 12k51022 ~dashed bold lines!; independent helices fo
k50. The parameters used areqA /qu53 ands51.
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are two Goldstone modes in the incommensurate phase~12!,
while there is only one Goldstone mode in the sinusoi
structure~11!.

In Fig. 4 the control parametern is plotted versuss ac-
cording to Eq.~14b!. Sinces}A0, and A0 increases when
crossing the phase transition from the Sm-C* to the hexatic
phase, the figure also qualitatively shows the tempera
behavior ofn. The incommensurate structure can appea
n.2, which could happen in a finite temperature interv
near the hexatic phase transition. The nature of the con
parametern can be elucidated writting it in the form

n25
p2

2

Wel

Wint
, ~17!

where Wel
215Wu

211WA
21 , Wu5 1

2 ku0
2(qu2qA)2, WA

5 1
2 36KA0

2(qu2qA)2. Wu is an energy increase when th
modulation of the tilt angle is shrunk from 2p/qu to 2p/qA
@calculated from Eq.~6a!#, and likewiseWA represents en-
ergy increase when the modulation of BOO is stretched fr
2p/qA to 2p/qu @calculated from Eq.~6b!#. When matching
both helicesWel represents a characteristic increase of ela
energy andWint5 f iu0

6A0 is an energy gain coming from th
interaction between the tilt and BOO. The sinusoidal str
ture (Sm-I * ) appears when the interaction energy is larg
than the elastic one, while for much higher elastic energy

FIG. 3. Spatial dependence of the differencefA2fu in the
incommensurate structure for the same parameters as in Fig. 2
for 12k51026.

FIG. 4. Dependence of parametern on s according to Eq.
~14b!. Since s is proportional to BOO amplitudeA0, which in-
creases when crossing the transition point to the hexatic phase
incommensurate structure could exist in a finite temperature ra
whenn.2.
4-4
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compared with the interaction energy, the solitonlike str
ture or two nearly independent helices exist.

C. Equilibrium values of the tilt angle and BOO amplitudes

The control parametern and the structural parametersq
vector and the modulusk depend on the amplitudesA0 and
u0, which are still not determined. For the sake of simplic
and also due to the fact that the incommensurate reg
could, if ever, exist within a finite temperature interval, fu
ther we consider the sinusoidal structure only (Sm-I * phase!.
The corresponding free energy

Ftot5
1
2 ~a2xc22kq2!u0

21 1
4 bu0

41 1
2 ~a236Kq2!A0

2

1 1
4 bA0

41 1
6 gA0

62 f iA0u0
6 , ~18!

where the equilibrium value~15! of q is a function of two
variablesu0 andA0. It is convenient to introduce dimension
less normalized quantities:

X5
u0

ũ0

, Y25
36KA0

2

kũ0
2

, ~19a!

D25
k

bũ0
2 ~qA2qu!2, ã5~a236KqA

2 !
k

bũ0
236K

,

b̃5
bk2

b~36K !2 , g̃5
gũ0

2k3

b~36K !3
,

f̃ i5 f i

ũ0
3

b
A k

36K
, ~19b!

where ũ0 is defined in Eq.~7a!. The normalized BOOY is
similar to the quantitys @defined in Eq.~13!# and they are
related asY5sX. When there is no coupling between the t
and BOO, then the tiltu05 ũ0 does not dependent onA0 and
X51 @see Eqs.~19a! and ~7a!#. Deviation ofX from 1 can
appear only for nonzero interaction,f iÞ0. The wave vector
~15! can be rewritten as

q5
X2qu1Y2qA

X21Y2 , ~20!

and the normalized free energyF̃ tot is

F̃ tot5
Ftot

bũ0
4

52
1

2
X21

1

4
X41

ã

2
Y21

b̃

4
Y41

g̃

6
Y6

1
D2

2

X2Y2

X21Y2 2 f̃ iYX6. ~21!

The interaction term is negative and the stability condit
requires positive tilt angle expansion terms up to the 1
order. Considering the free energy up to the fourth powe
the tilt only, the interaction term has to be neglected wh
searching for the equilibrium value of the tilt. On the oth
02170
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hand the interaction term is linear inY, and therefore it
should be preserved when finding the BOO equilibriu
value. The extremes of the free energy are solutions of
equations

XS ~211X2!1
Y4

~X21Y2!2 D2D
5XS ~211X2!1

k

bũ0

~q2qu!2D 50, ~22a!

2 f̃ iX
61YS ~ ão1Y2!b̃1

X4

~X21Y2!2
D2D

52 f̃ iX
61YS ~ ão1Y2!b̃1

k

bũ0

~q2qA!2D 50,

~22b!

whereão5ã/b̃. Two variations of the left sides are show
for convenience.

1. Relation of the tilt and the bond order

The equilibrium state is a solution of Eqs.~22!. Inspecting
dependence of the tilt on the BOO, absolute and lo
minima ~with respect toX and at fixedY) should be deter-
mined using Eqs.~22a! and ~21!. It leads to the phase dia
gram in the (D, Y) plane, exhibiting the tilted hexatic Sm-I *
phase~region with X.0, Y.0) and the untilted hexatic
Sm-Bhex* phase (X50, Y.0), see Fig. 5. The line of the
phase transitions between the both phases~figure! consists of
two parts: the first-order PT line in the (D,Y) plane

D25
~21Y2!2

8Y2 , 0,Y2,2 ~D2.1! ~23!

that ends at the critical pointD251, Y252, and the straight
line of the second-order PT’s

D251, Y2.2. ~24!

The metastability line of the tilted hexatic Sm-I * phase is

D25
4~11Y2!3

27Y4 , 0,Y2,2,

and the metastability region of the Sm-Bhex* is

1,D2,
~21Y2!2

8Y2 , 0,Y2,2.

Note that theY2 axis is directed to the left in Fig. 5. It is
convenient to show schematically also the temperature a
For that purpose we assume Landau-like temperature be
ior of the BOO:Y250, for T.TI , Y2}(TI2T) for T,TI
@The exact behavior ofY(T) can be obtained from Eqs
~22!#, in reality it exhibits a jump atTI , see below!. For T
.TI the Sm-C* phase exists, in whichX.0 andY50. The
cooling process of the sample is represented by a horizo
4-5
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path in the phase diagram and the arrow in Fig. 5 is
example. It means that on cooling the sequence, SmC*
→Sm-I * or Sm-C* →Sm-I * →Sm-Bhex* can appear depend
ing on the value ofD. One should realize that continuou
variation of BOO parameterY is assumed above, but due
the first-order PT the jump up ofY occurs atTI . Therefore
the Sm-C* →Sm-Bhex* transition can also occur.

On the basis of Eq.~22a! the tilt X as a function of the
bond-orderY can be calculated. The results are shown
several values ofD in Fig. 6. In order to see the temperatu
dependence of the tilt angle, we introduce schematically
temperature axis in Fig. 6. There is always a decrease o
tilt caused by the appearance of the BOO. In the hex
phase the tilt, depending on the value ofD, can remain non-
zero ~path does not cross the linea in Fig. 5! or it can drop
down to zero value~the path crosses linea!. The latter case
corresponds to the first-order phase transition from SmI *
phase to the untilted Sm-Bhex* phase. ForD2,1 the equation
for the tilt can be written asX2512D2Y4/(X21Y2)2, or

X2512
k

bũ0

~q2qu!2. ~25!

Equation~25! is implicit since theq vector itself depends on
X, see Eq.~20!. In the Sm-C* phaseY'0 and thenq'qu

and X'1. In the hexatic phaseY.0, then q.qu and X
,1. For largeA0 the q vector approachesqA and the tilt
saturates at the value ofX2512(k/bũ0)(qA2qu)2. Sum-
marizing, when crossing the PT to the hexatic phase the
crease of BOO causes variation of theq vector~its deviation
from qu) and consequently it results in the decrease of the
angle.

FIG. 5. The phase diagram in the (D,Y) plane; the PT points of
the first order~line a!, the PT points of the second order~line b!, the
critical pointK. The dashed line denotes metastability of the hexa
tilted phase. ForT.TI , Y50. The arrow shows a path when coo
ing the sample. Depending on the value ofD the tilted or untilted
hexatic phase can occur belowTI . The schematically shown tem
perature axis is in arbitrary units.
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2. The bond-order temperature behavior

The dependence of the BOO on the temperature follo
from Eq. ~22b!. The transition to the hexatic phase is of th
first order and the nonzero, even if very small, BOO exi
also in the Sm-C* phase. Since in the Sm-C* is u0'ũ0 ,
Y!1 andq'qu , the BOO can be expressed as

Y5A36KA0
2

kũ0
2

'
f i ũ0

5A36K/k

a0~T2T̃2!
!1, T.TI , ~26!

where T̃25T21a0
2136K@qA

22(qA2qu)2#. The hexatic
phase transition temperatureTI can be obtained in the form

TI5T21a0
2136K~qA

22~qA2q!2!1a0
213b2/16g,

~27!

whereq depends on the BOO amplitudeA0 @see Eq.~15! or
Eq. ~20!#, andA0 is determined by the implicit expression

A0
25

2b1Ab224g~a236K@qA
22~qA2q!2# !

2g
, T,TI .

~28!

Not far belowTI the BOO can be expressed as

A0
2.3ubu/4g1

2a0

ubu ~TI2T!, T,TI . ~29!

Expressions~27!–~29! were obtained under the assumptio
that f̃ iX

6 term in Eq.~22b! can be neglected belowTI . The
PT temperatureTI as such depends on temperatureT @via q
andA0, see Eqs.~15!, ~27!, ~28!#, which can modify linear
temperature dependence~29!. In a particular case of non
competing helices, i.e., whenqA5qq , the temperatureTI

5T21a0
2136KqA

21a0
213b2/16g is in agreement with Eq.

c

FIG. 6. Dependence of the normalized tiltX on the BOOY. The
tilt decreases when BOO increases belowTI . The first-order phase
transition from Sm-I * to Sm-Bhex* occurs whenD.1 ~curvesa and
b). The marginal behavior forD51 ~curve c). For D,1 the tilt
saturates at a nonzero value and the system remains in the SI *
phase at low temperatures. The temperature axis~arbitrary units! is
shown schematically.
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COMPETITION BETWEEN THE CHIRAL SMECTIC-C* . . . PHYSICAL REVIEW E67, 021704 ~2003!
~7b!. The same value of the PT temperature is obtained
the large values ofA0, when Y@X ~note that it impliesq
'qA).

III. DYNAMICS

For the dynamic dielectric response we shall proceed
the usual way@10#. First we need the variation of the fre
energyF caused by small fluctuations around an equilibriu
state,P5PS1p, u5uS1q, A5AS1e, where

p5d„P0exp~ ifP!…5~dP01 idfPP0!exp@ ifP#

5~p11 ip2!exp@ ifP#,

q5~q11 iq2!exp@ i~fu1p/2!#,

e5~e11 ie2!exp@ i6fA#, ~30!

p1 is the fluctuation of the amplitude~amplitudon!, andp2 is
the fluctuation of the phase~phason! of the polarization.
Likewise we have amplitudonq1 and phasonq2 of the tilt
and amplitudone1 and phasone2 of the bond orientation. In
case ofn.2 the incommensurate equilibrium structure e
ists in a finite temperature interval. We restrict further ana
sis for the simple casen,2 when a single helical structur
with wave vector~15! exists in the whole temperature rang
Then the~second! variation of free energy~2! reads

dF5
1
2 ~a13bu0

212lḟu1kḟu
2!q1

21
1
2 ~a1bu0

212lḟu

1kḟu
2!q2

21
k
2 ~q̇1

21q̇2
2!1~l1kḟu!~q1q̇22q̇1q2!

1
1
2 @a13bA0

212~6L!ḟA136KḟA
2 #e1

21
1
2 @a1bA0

2

12~6L!ḟA136KḟA
2 #e2

21
36K

2 ~ ė1
21ė2

2!

1~L16KḟA!~e1ė22ė1e2!1
1
2x21~p1

21p2
2!

2c~q1p11q2p2!7@10gu0
3P0A0~q1

22q2
2!

1gu0
5~p1e11p2e2!#2

1
2 ~p1p* !Ex , ~31!
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where we putf 50 for simplicity, and also we omitted term
5gu0

4A0(q1p12q2p2), 5gu0
4P0(q1e11q2e2), i.e., among

the g terms only bilinear coupling between the polarizati
and the bond-order fluctuations, and the local potential te
proportional toq1

2 andq2
2 are kept. These simplifications d

not change the results qualitatively. The1 sign corresponds
to f i52xcg,0 and appearance of the Sm-F* phase, the
2 sign is for f i52xcg.0 and the Sm-I * phase. In the
following we will treat only the casef i.0 @with c,0, g
.0, see Eq.~5!# corresponding to the Sm-I * phase. On the
basis of the Landau-Khalatnikov relaxation equations the
namical equations can be derived as

2E0sin~qz!5~x211 ivgp1!p12cq12gu0
5e1 ,

052kq̈122kDuq̇21~a13bu0
22l2/k1kDu

2

210xucugu0
4A0!q12cp1 ,

05236Kë1212KDAė21~a13bA0
215gA0

42L2/K

136KDA
21 ivge1!e12gu0

5p1 ,

2E0cos~qz!5~x211 ivgp2!p22cq22gu0
5e2 ,

052kq̈212kDuq̇11~a1bu0
22l2/k1kDu

2

110xucugu0
4A0!q22cp2 ,

05236Kë2112KDAė11~a1bA0
21gA0

42L2/K136KDA
2

1 ivge2!e22gu0
5p2 , ~32!

where Du[qu2q, DA[qA2q, six viscositiesgp1 , gp2 ,
gq1 , gq2 , ge1 , ge2 of corresponding quantities were intro
duced, andv is a frequency of homogeneous electric fie
E5E0exp(ivt). The solution can be found in the form

p15p10sinq z, q15q10sinq z, e15e10sinq z,

p25p20cosq z, q25q20cosq z, e25e20cosq z,

and Eqs.~32! reduce to
~33!
4-7
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RYCHETSKÝ, GLOGAROVÁ, AND NOVOTNÁ PHYSICAL REVIEW E 67, 021704 ~2003!
where D̃A[12KqDA512K(qA2q)q, D̃u[2kqDu52k(qu
2q)q, and the bare inverse susceptibilities and relaxat
times are

xp1
215x21~11 ivtp1!, tp15gp1x,

xp2
215x21~11 ivtp2!, tp25gp2x,

xe1
215xe1,0

21 ~11 ivte1!, te15ge1xe1,0,

xe1,0
21 5a13bA0

215gA0
4136KDA

2 ,

xe2
215xe2,0

21 ~11 ivte2!, te25ge2xe2,0,

xe2,0
21 5a1bA0

21gA0
4136KDA

2 ,

xq1
215xq1,0

21 ~11 ivtq1!, tq15gq1xq1,0,

xq1,0
21 5a13bu0

21kDu
2210xucugu0

4A0 ,

xq2
215xq2,0

21 ~11 ivtq2!, tq25gq2xq2,0,

xq2,0
21 5a1bu0

21kDu
2110xucugu0

4A0 . ~34!

A. Relaxation frequencies

There are six modes: Three coupled amplitudonsp1 , q1 ,
e1 and three coupled phasonsp2 , q2 , e2. There is no cou-
pling between phasons and amplitudons of different qua
ties, but there is a coupling between the phason and am
tudon of the same quantities (q1 , q2 and e1 , e2)
represented byD̃u and D̃A , respectively. Dispersion of th
bare polarization modes connected with the rotational mo
of molecules along their long axis can be neglected, si
they exhibit high frequencies as compare with the tilt a
BOO modes~and frequency window of experiment!, i.e.,
vtpi'0, i 51, 2, andxpi

215x21. The amplitudon and pha
son of the tilt are related to the fluctuations of the tilt ang
and the rotation of the molecules on the cone, respectiv
These motions are of diffusive nature keeping the molec
mass center immobile. The amplitudon and phason of b
order are the slowest modes, since they are related to
diffusive motion of the whole molecules~molecular mass
centers!. Using Eqs.~22!, which determine the equilibrium
amplitudesu0 andA0, the bare relaxation frequencies of th
tilt and BOO above and belowTI can be expressed as

gq1tq1
215H 2bu0

21kqu
21xc2, T.TI

2bu0
21kqu

21xc2210xucugu0
4A0 , T,TI ,

~35a!
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gq2tq2
215H kqu

21xc2, T.TI

kqu
21xc2110xucugu0

4A0 , T,TI ,
~35b!

ge1te1
215H a0~T2T2!136K~qA2qu!2, T.TI

3b2/4g18a0~TI2T!136KqA
2 , T,TI ,

~35c!

ge2te2
215H a0~T2T2!136K~qA2qu!2, T.TI

36KqA
2 , T,TI .

~35d!

Assuming saturation~or only small temperature variation! of
u0 far belowTC bare phason~35b! and amplitudon~35a! of
the tilt are temperature independent in the Sm-C* phase.
Below TI , a decrease of the amplitudon frequency and
increase of the phason frequency take place. The latter
be understood realizing that atTI the hexatic order con-
denses and creates a local hexagonal potential, which
creases the restoring force for the molecular rotation@14#.
This effect is one of the candidates for explanation of o
served data as will be discussed in the following section

The bare relaxation frequencieste1
21 andte2

21 are equal in
the Sm-C* phase and they soften approachingTI , while
splitting occurs belowTI , see Eqs.~35c! and~35d!. At TI the
BOO amplitudon exhibits a jump of

9b2/16g236K@~qA2qu!22~qA2q!2#;

for noncompeting helices whenq5qu5qA , the jump is
9b2/16g. The BOO phason decreases of

23b2/16g236K@~qA2qu!22~qA2q!2#,0

~for q5qu5qA it is 23b2/16g). The gap betweene1 ande2
increases from 0 in the Sm-C* to 3b2/4g in the hexatic
phase independently of the change ofq. The tilt and BOO
phasons described above should mainly contribute to the
electric spectra.

The coupling constantsc, g, f cause bindings betwee
different amplitudons and, separately, between phasons
the eigenmodes are actually hybrids of polarization, tilt, a
BOO. Due to the couplingc of the fast polarization mode
with the slower tilt modes the positive termxc2 disappears
in Eqs.~35a! and~35b!, and the lower relaxation frequencie
of the Sm-C* phase are obtained. Due to the couplinggu0

5 of
polarization, tilt, and BOO, corrections of relaxation fr
quencies controlled byg2u0

10 arise@10#, so thatte1 andte2

slightly differ even in the Sm-C* phase. Since these corre
tions do not influence the basic temperature behavior,
neglect them in the following. The remaining coupling p
rametersD̃A and D̃q in Eq. ~33! are nonzero if the equilib-
rium q vector differs fromqA andqu , respectively. Then the
helix of the tilt and the helix of BOO are deformed, and t
coupling of amplitudone1 with phasone2, and coupling of
q1 with q2 appear. The interaction parametersD̃A and D̃q
4-8
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can influence temperature behavior of the relaxation frequ
cies. The interaction of amplitudone1 with phasone2 via the
couplingD̃A results in additional shifts of relaxation freque
cies. The qualitative behavior can be obtained conside
232 matrix inside the dotted frame of Eq.~33!. The shifted
relaxation frequencies 1/te1 and 1/te2 are
in
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te6
215

1

2
~te1

211te2
216A~te1

212te2
21!214ge1

21ge2
21D̃A

2 !,

~36!

and above and belowTI they can be expressed as~for sim-
plicity we put ge15ge25ge)
gete1
215H a0~T2T2!136K~qA2qu!21D̃A~q5qu!, T.TI

3b2/8g14a0~TI2T!136KqA
21A~3b2/8g14a0~TI2T!!21D̃A~q>qu!2, T,TI ,

~37!

gete2
215H a0~T2T2!136K~qA2qu!22D̃A~q5qu!, T.TI

3b2/8g14a0~TI2T!136KqA
22A~3b2/8g14a0~TI2T!!21D̃A~q>qu!2, T,TI .

~38!
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Above TI ~whereA0 is small and thereforeq'qu), the gap
between e-mode phason and amplitudon frequencies

creases to 2D̃A(q'qu)524K(qA2qu)qu , due to their cou-
pling @compare Eqs.~35c!, ~35d! and ~37!, ~38!#, see Fig. 7.
Below TI , where qu,q,qA , there is an increase of th
1/te1 frequency and decrease of 1/te2 with respect to the
noninteracting case. The most important feature is the t
perature dependence of the BOO phason 1/te2 near below
TI that hardens on cooling and finally saturates at lower te
peratures~see Fig. 7!. At the same time the temperature d
pendence of the BOO amplitudon 1/te1 exhibits a smaller
slope as compare with 1/te1. The temperature dependence
the phason results from the nonzero value ofD̃A(q>qu),
and thereforeq should be smaller thanqA in the hexatic
phase. In Fig. 7, a schematic plot is shown keepingq,qA
constant in the hexatic phase. Cooling belowTI the q can
evolve increasing its value towardqA , which causes the de
crease ofD̃A and thus makes hardening of the modes e
steeper.

FIG. 7. Temperature dependence of the BOO relaxation
quencies~schematic plot!. Dotted lines represent the case of non

teracting amplitudon and phason (D̃A50). The interaction cause
displacements of relaxation frequencies, increase of the gap
hardening of the phason belowTI ~full lines!.
-

-

-

f

n

Similar analysis can be done considering the couplingD̃u
of the tilt angle phason and amplitudon, the schematic plo
shown in Fig. 8. AboveTI whenq'qu the phason and am
plitudon do not interact sinceD̃u'0. They are described by
Eqs. ~35a! and ~35b!. Below TI , whereq.qu and D̃u(q)
.0, the gap between these modes increases with respe
Eqs. ~35a! and ~35b!. It means that the magnitude of th
increase of phason frequency in the hexatic phase~caused by
the hexagonal potential! is partially reduced.

B. Susceptibility

The susceptibility is given by the equation

x~v!5]^Px&/]E05^Px&/E0 , ~39!

where Px5 1
2 (p1p* )52p10sin2qz2p20cos2qz is the polar-

ization induced by the homogeneous electric field, and
spatial average across the sample dimensionL reads

-

nd

FIG. 8. Temperature dependence of the tilt relaxation frequ
cies ~schematic plot!. Dotted lines represent the case of the non

teracting amplitudon and phason (D̃u50). The interaction that be-
comes nonzero belowTI causes displacements of relaxatio
frequencies, a decrease of the gap, but otherwise the relax
frequencies remain temperature independent~full lines!.
4-9
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FIG. 9. Temperature dependence of the static susceptibility~schematic plot!. ~a! BOO contribution. The dotted line describes th

noninteracting case whenD̃A50. The dashed horizontal line is a temperature independent backgroundx2(g50). The interaction between
the BOO amplitudon and phason results in temperature dependent susceptibility in the hexatic phase.~b! Tilt angle contribution. The dashed
horizontal line represents the case when the interaction between tilt and BOO is weak. In case of strong coupling of tilt and
susceptibility decrease in the hexatic phase is expected.
L
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^Px&5
1

LE0
Pxdz52

1

2
~p101p20!. ~40!

The general expression for the susceptibility can be obta
solving Eqs.~33!, ~39!, and~40!

x~v!5x̃11x̃2 , ~41!

x̃252
p20

E0
5x2S 12x12x1

12x12
2 x1x2

D , ~42!

x̃152
p10

E0
5x1S 12x12x2

12x12
2 x1x2

D , ~43!

x25S xp2
212

c2xq2

12D̃u
2xq1xq2

2
g2u0

10xe2

12D̃A
2xe1xe2

D 21

, ~44!

x15S xp1
212

c2xq1

12D̃u
2xq1xq2

2
g2u0

10xe1

12D̃A
2xe1xe2

D 21

, ~45!
02170
d

x125
c2D̃uxq1xq2

12D̃u
2xq1xq2

1
g u0 D̃Axe1xe2

12D̃A
2xe1xe2

. ~46!

When D̃u5D̃A50 ~and thusq5qu5qA) then there is no
interaction between amplitudons and phasons and the
ceptibility consists of the pure amplitudon contributionx̃1

and the pure phason partx̃2. Each of these terms can b
expressed as a sum of two relaxators, BOO and tilt an
amplitudons and phasons, respectively, the eigenfrequen
of which are, up to terms proportional tog2u0

10, given by
Eqs. ~35a!–~35d!. This case was discussed in Ref.@10#, but
without taking into account the elasticity of the BOO mod
lation ~i.e., L5K50 was considered!. The presence of elas
ticity of BOO results in a shift ofe-mode frequencies on
KqA

2 in the hexatic phase.

When quÞqA , D̃u , D̃A are nonzero, and the couplin
between amplitudons and phasons exists. Consequently,x̃1 ,
x̃2 yet cannot be treated as pure amplitudon and pha
parts. We still assume, as usual, that the main contribu
comes from the phasonlike part,x(v)'x̃2. For simplicity
we further assume that (12x12x1)/(12x12

2 x1x2)'1. The
contribution of the tilt phason x2(g50)215xp2

21

2c2xq2 /(12D̃u
2xq1xq2) can be expressed as
y

es
FIG. 10. Phase transition Sm-C* →Sm-I * in ~a! C8OCOOC6@15# and~b! C8OCOOC5@10#. ~a! The tilt does not exhibit any anomal
at TI ~i.e., no competition between the tilt and BOO!; polarization increases atTI due to the increase of BOO according to Eq.~5!. ~b! The
softening of the BOO phason and decrease of its frequency atTI is in accord with 1/te2 temperature behavior. The permittivity increas
below TI .
4-10
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FIG. 11. Phase transition Sm-C* →Sm-I * in ZLL7/6 @16#. ~a! Due to the appearance of BOO the tilt decreases on cooling in the he
phase~consequence of competition between the tilt and BOO!. The same behavior shows polarization.~b! The relaxation frequency increase
in the hexatic phase~similar to the behavior of 1/tq2). The permittivity decreases in the hexatic phase.
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-

x2~g50!215x~12D̃u
2xq1xq2!

3S 11
~D̃u

2xq11c2!xgq2
21tq2

11 ivtq2
D

'xS 11
xc2gq2

21tq2

11 ivtq2
D , ~47!

where tq2
21 5tq2

212D̃u
2xq1xgq2

21 , the last term being valid

for D̃u
2'0.

Then expanding with respect tog2u0
10 the phasonlike par

of susceptibility can be written as

x~v!'x2'x2~g50!S 11
g2u0

10x2~g50!ge2
21te2

11 ivte2
D ,

~48!

where

te1

te1

~11 ivte1!

~11 ivte1!
'1

is assumed and the relaxation frequencies 1/te6 are given by
Eqs. ~37! and ~38!, and for D̃A'0 they become 1/te6

51/te1,e2. The relaxation frequencies of thee modes are
assumed being lower than those of the tilt~it is reasonable in
the vicinity of TI and in the hexatic phase!. Further we dis-
tinguish two cases that could explain dielectric spectra in
experiment.

1. Bond-order phason contribution

Let us neglect the local potential 10gucuxu0
4A0, which

would cause a jump ofx2(g50) @see Eqs.~47! and ~35b!#.
This assumption means that the condensed hexatic o
does not hinder rotation of the tilt. It could occur when, f
instance, the amplitudeA0 of BOO remains relatively smal
in the hexatic phase. In the dispersion region of the BO
phason, the susceptibility of the tilt phasonx2(g50) is as-
sumed frequency independent and the temperature de
dence of the dielectric strength proportional tog2u0

10 is given
by te2 or te2 , depending on whether the interaction b
tween phason and amplitudon is important. The main fea
here is an increase of the permittivity and a decrease of
02170
e
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-
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relaxation frequency at the transition to the hexatic pha
see Figs. 9 and 8, respectively.

2. Tilt phason contribution

Here we consider the situation when the contribution
the BOO phason discussed above is negligible@i.e., x(v)
5x2(g50)] and the frequency window of experiment cov
the tilt angle phason dispersion. This situation can arise w
the viscosity of the rotation of bond orientation, realized v
diffusive motion of the whole molecules, is very high~i.e.,
ge2

21→0). It is expected especially for highly develope
hexatic orderA0. Then also the local potential in Eq.~35b!
proportional toA0 becomes important and the main cont
bution comes from the tilt angle phasonx2(g50). The static
susceptibility proportional totq2 exhibits a drop at the tran
sition to the hexatic phase and the relaxation frequency 1/tq2
increases.

Finally, let us mention the phase transition Sm-C*
→Sm-Bhex* that is also described by the model. It is chara
terized by upright orientation of molecules in smectic laye
in the hexatic phase,u050, polarization is no longer
coupled with BOO. The tilt angle phason in the Sm-Bhex*
phase disappears, and the mode of the tilt angle fluctuat
~similar to the soft mode in the Sm-A phase! is the only
dielectrically active one. This case is characterized by
disappearance of the observed relaxation process attrib
to the phasons and the decrease of permittivity when ente
the untilted hexatic phase from the Sm-C* phase.

IV. SUMMARY AND COMPARISON WITH
EXPERIMENTAL RESULTS

The theory describing static and dynamic properties in
vicinity of the phase transition to the hexatic phase is p
sented. Due to the competition between modulations of
molecular tilt and BOO, the incommensurate structure c
appear in the finite temperature range aroundTI , and in the
hexatic phase the pitch of helix can change~increase or de-
crease! resulting in decrease of the molecular tilt angle. T
temperature dependence of the tilt is in very good agreem
with observations on several compounds, in which the
angle exhibits either no change or decrease, see Figs
and 11. The phase diagram of the model also predicts
far not observed phase transition sequence SmC*
4-11
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→Sm-I * (Sm-F* )→Sm-Bhex* , or a direct transition from the
Sm-C* phase to the untilted chiral hexatic Sm-Bhex* phase
due to the discontinuous character of the hexatic order
pearance. However, the phase sequences Sm-C→Sm-F
→Sm-Bhex and Sm-C→Sm-Bhex were observed in nonchira
compounds@17,18#. To explain such sequences, the existen
of an additional mechanism should be considered.

Dynamics is contributed by three amplitudons and th
phasons of the fast polarization modes and slower tilt an
and BOO modes. The main contribution to the dielectric
sponse is proposed to come from the tilt angle phason
~or! the BOO phason. When the BOO phason is stro
enough, the softening of the relaxation frequency in
Sm-C* phase occurs when approachingTI , and the permit-
tivity increases and the relaxation frequency decreases in
hexatic phase. In case when the tilt angle phason is the s
gest mode, the softening of the relaxation frequency is
expected. Then instead increase of the relaxation freque
and decrease of permittivity should occur atTI . Both these
ys

ro

a

be
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situations are suggested being observed in experiment
first one in the substances C8OCOOC6 and C8OCOO
@10,15#, and the latter one in compound ZLL7/6@16#.

In the experiment single relaxation was observed and
ted with the cole-cole expression with the exponenta,1
~typically ;0.8), and the existence of two close proces
could not be excluded. However, more probably the rel
ation due to the tilt angle phason only can be expected, s
the bond orientation variation connected with diffusive m
tion of the whole molecules is very slow, and the relaxati
frequency of the BOO phason should occur in the freque
range, where it is overwhelmed by the low-frequency co
ductivity.
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